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FINITENESS CONDITIONS FOR THE NON-ABELIAN
TENSOR PRODUCT OF GROUPS
R. BASTOS, I. N. NAKAOKA, AND N.R. ROCCO
Abstract. Let G, H be groups. We denote by η(G,H) a certain
extension of the non-abelian tensor product G⊗H by G×H . We
prove that if G and H are groups that act compatibly on each
other and such that the set of all tensors T⊗(G,H) = {g⊗ h : g ∈
G, h ∈ H} is finite, then the non-abelian tensor product G ⊗ H
is finite. In the opposite direction we examine certain finiteness
conditions of G in terms of similar conditions for the tensor square
G⊗G.
1. Introduction
Let G and H be groups each of which acts upon the other (on the
right),
G×H → G, (g, h) 7→ gh; H ×G→ H, (h, g) 7→ hg
and on itself by conjugation, in such a way that for all g, g1 ∈ G and
h, h1 ∈ H ,
(1) g(h
g1 ) =
((
gg
−1
1
)h)g1
and h(g
h1) =
((
hh
−1
1
)g)h1
.
In this situation we say that G and H act compatibly on each other.
Let Hϕ be an extra copy of H , isomorphic via ϕ : H → Hϕ, h 7→ hϕ,
for all h ∈ H . Consider the group η(G,H) defined in [Nak00] as
η(G,H) = 〈G,Hϕ | [g, hϕ]g1 = [gg1, (hg1)ϕ], [g, hϕ]h
ϕ
1 = [gh1, (hh1)ϕ],
∀g, g1 ∈ G, h, h1 ∈ H〉.
We observe that when G = H and all actions are conjugations, η(G,H)
becomes the group ν(G) introduced in [Roc91].
It is a well known fact (see [Nak00, Proposition 2.2]) that the sub-
group [G,Hϕ] of η(G,H) is canonically isomorphic with the non-abelian
tensor product G⊗H , as defined by R. Brown and J.-L. Loday in their
seminal paper [BL87], the isomorphism being induced by g⊗h 7→ [g, hϕ]
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(see also Ellis and Leonard [EL95]). It is clear that the subgroup
[G,Hϕ] is normal in η(G,H) and one has the decomposition
(2) η(G,H) = ([G,Hϕ] ·G) ·Hϕ,
where the dots mean (internal) semidirect products. An element α ∈
η(G,H) is called a tensor if α = [a, bϕ] for suitable a ∈ G and b ∈ H . If
N and K are subgroups of G and H , respectively, let T⊗(N,K) denote
the set of all tensors [a, bϕ] with a ∈ N and b ∈ K. In particular,
[N,Kϕ] = 〈T⊗(N,K)〉. When G = H and all actions are by conjuga-
tion, we simply write T⊗(G) instead of T⊗(G,G). Moreover, [G,G
ϕ]
denotes the non-abelian tensor square G⊗G. We denote by ∆(G) the
diagonal subgroup of [G,Gϕ], ∆(G) = 〈[g, gϕ] | g ∈ G〉.
In the present paper we want to study the following question: If we
assume certain restrictions on the set T⊗(G,H), how does this influence
in the structure of the groups G⊗H or η(G,H)?
In [Ros62] Rosenlicht proved that if N and K are subgroups of a
group M , with N normal in M , and if the set of commutators {[n, k] :
n ∈ N, k ∈ K} is finite, then so is the commutator subgroup [N,K].
Under appropriate conditions we can extend this result to the subgroup
[N,Kϕ] of η(G,H).
Theorem A. Let G and H be groups that act compatibly on each other
and suppose that N and K are subgroups of G and H, respectively, such
that N is K-invariant and K is N-invariant. If the set T⊗(N,K) is
finite, then so is the subgroup [N,Kϕ] of η(G,H). In particular, if
T⊗(G,H) is finite, then so is the non-abelian tensor product G⊗H.
An immediate consequence of the above theorem is a well-known
result due to Ellis [Ell87] (see also [Tho10]), that G⊗H is finite when
G and H are finite groups. In the opposite direction one could be
interested in studying conditions under which the finiteness of theG⊗H
implies that of G and H ; in general, the finiteness of G⊗H does not
implies the finiteness of the groups involved. An easy counter-example
is provided just by taking G = C2 × C∞, H = C2 and supposing that
all actions are trivial; then the non-abelian tensor product G ⊗ H ∼=
Gab ⊗Z H
ab is finite (see [BL87] for details), but G contains elements
of infinite order. The question is more interesting when G = H and all
actions are conjugations, although it is also well-known that, in general,
the finiteness of the non-abelian tensor square [G,Gϕ] does not imply
that G is a finite group (see Remark 3.4, below). However, in [PN12]
Parvizi and Niroomand proved that if G is a finitely generated group
in which the non-abelian tensor square is finite, then G is finite.
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In the sequel we consider certain finiteness conditions for the group
G in terms of the torsion elements of the non-abelian tensor square
[G,Gϕ]. We establish the following related result, which is also related
to one due to Moravec [Mor08] who proved that if G is a locally finite
group, then so are the groups [G,Gϕ] and ν(G).
Theorem B. Let G be a group with finitely generated abelianization.
The following properties are equivalent:
(a) G is locally finite;
(b) The non-abelian tensor square [G,Gϕ] is locally finite;
(c) The derived subgroup G′ is locally finite and the diagonal sub-
group ∆(G) is periodic.
In the same paper [PN12] Parvizi and Niroomand showed that if G
is a group with finitely generated abelianization and the non-abelian
tensor square [G,Gϕ] is a p-group, then G is a p-group. We extend this
result to pi-groups, where pi is a set of primes.
Theorem C. Let pi be a set of primes and G a group with finitely
generated abelianization. Suppose that the non-abelian tensor square
[G,Gϕ] is a pi-group. Then G is a pi-group.
In view of Theorem C one might suspect that similar phenomenon
holds for an arbitrary non-abelian tensor product G ⊗ H . However,
the same counter-example given before, by taking G = C2 × C∞,
H = C2 and supposing that all actions are trivial, shows that G⊗H ∼=
Gab ⊗Z H
ab is finite, but G contains elements of infinite order.
In Section 4 we obtain some local finiteness criteria related to (lo-
cally) residually finite groups G and their respective non-abelian tensor
squares [G,Gϕ], in terms of the set of tensors T⊗(G).
2. Preliminary results
Note that there is an epimorphism ρ : ν(G) → G, given by g 7→ g,
hϕ 7→ h, which induces the derived map ρ′ : [G,Gϕ] → G′, [g, hϕ] 7→
[g, h], for all g, h ∈ G. In the notation of [Roc94, Section 2], let µ(G)
denote the kernel of ρ′, a central subgroup of ν(G). In particular,
[G,Gϕ]
µ(G)
∼= G′.
The next lemma is a particular case of [Roc91, Theorem 3.3].
Lemma 2.1. Let G be a group. Then the derived subgroup
ν(G)′ = ([G,Gϕ] ·G′) · (G′)ϕ,
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where “·” denotes an internal semi-direct product.
Lemma 2.2. Let X be a normal subset of a group G. If X is finite,
then the subgroup 〈X〉 is central-by-finite.
Proof. For every element x ∈ X , the conjugacy class xG has at most
|X| elements. It follows that the index
[G : CG(x)] 6 |X|,
for every x ∈ X . According to Poincare´’s Lemma [Rob96, 1.3.12], the
index [G : ∩x∈XCG(x)] is also finite. In particular, the subgroup 〈X〉 is
central-by-finite, since the subgroup (∩x∈XCG(x))∩ 〈X〉 is central and
has finite index in 〈X〉. The proof is complete. 
The following result is a consequence of [BL87, Proposition 2.3].
Lemma 2.3. Let G and H be groups acting compatibly on one other.
The following relations hold in η(G,H), for all g, x ∈ G and h, y ∈ H:
(a) [g, h][x,y
ϕ] = [g, hϕ]x
−1xy = [g, hϕ](y
−xy)ϕ ;
(b) [g−1gh, yϕ] = [g, hϕ]−1[g, hϕ]y
ϕ
.
3. Proofs of the main results
Theorem A. Let G and H be groups that act compatibly on each other
and suppose that N and K are subgroups of G and H, respectively, such
that N is K-invariant and K is N-invariant. If the set T⊗(N,K) is
finite, then so is the subgroup [N,Kϕ] of η(G,H). In particular, if
T⊗(G,H) is finite, then so is the non-abelian tensor product G⊗H.
Proof. Since N is K-invariant and K is N -invariant, from the defin-
ing relations of η(G,H) it follows that T⊗(N,K) is a normal subset
of 〈N,Kϕ〉. Thus, the subgroup [N,Kϕ] is normal in 〈N,Kϕ〉 and
Lemma 2.2 gives us that it is also central-by-finite. Then, by Schur’s
Theorem [Rob96, 14.1.4], the subgroup [N,Kϕ]′ is finite. Without loss
of generality we may assume that [N,Kϕ] is abelian.
We claim that the subgroup S = [N,Kϕ, Kϕ] is normal in 〈N,Kϕ〉
and finite. In fact, let m ∈ [N,Kϕ], k, h ∈ K and n ∈ N . As m and
[k−ϕ, n−1] commute, we obtain
[m, kϕ]n = n−1m−1k−ϕm[k−ϕ, n−1]nkϕ
= n−1m−1k−ϕ[k−ϕ, n−1]mnkϕ
= [mn, kϕ]
and [m, kϕ]h
ϕ
= [mh
ϕ
, (kh)ϕ]. Now, the normality of S follows from the
fact that N and Kϕ normalize [N,Kϕ]. We observe that the abelian
group S is generated by the set X = {[n, kϕ, hϕ] : n ∈ N, k, h ∈ K},
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which is finite because [n, kϕ, hϕ] = [n, kϕ]−1[nh, (kh)ϕ] ∈ T−1T , for all
n ∈ N, k, h ∈ K, where T = T⊗(N,K) and T
−1 = {t−1 : t ∈ T}.
Further, given n ∈ N and h, k ∈ K, if m = [n, hϕ] and n1 = n
−1nh,
then [m, kϕ] = [n, hϕ, kϕ] = [n1, k
ϕ] (by Lemma 2.3 (b)). Using these
equalities, we get
[n, hϕ, kϕ]2 = [n1, k
ϕ][m, kϕ]
= m−1[n1, k
ϕ]k−ϕmkϕ
= m−1[m, kϕ]k−ϕmkϕ
= [m2, kϕ]
= [m, kϕ]m[m, kϕ]
= [n1, k
ϕ]m[n1, k
ϕ]
= [n1
2, kϕ] (by Lemma 2.3 (a))
that is, [n, hϕ, kϕ]2 ∈ T . We conclude that S is a finitely generated
abelian torsion group and, consequently, it is finite. Hence, we may
assume that Kϕ centralizes [N,Kϕ]. Since
[n, kϕ]2 = n−1k−ϕnkϕ[n, kϕ] = n−1k−ϕn[n, kϕ]kϕ = [n, (k2)ϕ] ∈ T,
for all n ∈ N , k ∈ K, we obtain that [N,Kϕ] is finite. The proof is
complete. 
The remaining of this section will be devoted to obtain finiteness
conditions for a group G in terms of the orders of the tensors. Our
proof involves looking at the description of the diagonal subgroup
∆(G) 6 [G,Gϕ], where Gab is finitely generated. Such a description
has previously been used by the third named author [Roc94]. See also
[BFM09].
The following is a key argument to obtain the finiteness of the
abelianization Gab in terms of the periodicity of ∆(G).
Proposition 3.1. Let G be a group with finitely generated abelianiza-
tion. Suppose that the diagonal subgroup ∆(G) is periodic. Then the
abelianization Gab is finite.
Proof. As Gab is a finitely generated abelian group we have
Gab = T × F,
where T is the torsion part and F the free part of Gab (cf. [Rob96,
4.2.10]). From [Roc94, Remark 5] we conclude that ∆(Gab) is isomor-
phic to
∆(T )×∆(F )× (T ⊗Z F ),
where T ⊗Z F is the usual tensor product of Z-modules. In particular,
the free part of ∆(Gab) is precisely ∆(F ). Now, the canonical projection
G ։ Gab induces an epimorphism q : ∆(G) ։ ∆(Gab). Since ∆(G)
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is periodic, it follows that ∆(Gab) is also periodic. Consequently, F is
trivial and thus Gab is periodic and, consequently, finite. The proof is
complete. 
The proof of Theorem B is now easy to carry out.
Proof of Theorem B. (a) ⇒ (b). By [Mor08, Theorem 1], the non-
abelian tensor square [G,Gϕ] is locally finite.
(b)⇒ (c).Note thatG′ is isomorphic to the factor group [G,Gϕ]/µ(G)
and ∆(G) is a subgroup of [G,Gϕ]. Since [G,Gϕ] is locally finite, it
follows that the derived subgroup G′ and ∆(G) are locally finite.
(c)⇒ (a). By Proposition 3.1, Gab is finite. Since G′ is locally finite,
it follows that G is locally finite (Schmidt, [Rob96, 14.3.1]). The proof
is complete. 
Remark 3.2. Theorem B may be summarized by saying that if G is a
group with finitely generated abelianization Gab, such that the diagonal
subgroup ∆(G) is periodic and the derived subgroup G′ is locally finite,
then G is locally finite. In a certain sense, these conditions cannot be
weakened.
(R1) Note that the local finiteness of the subgroup ∆(G) alone does
not implies the finiteness of the group G. For instance, in
[BM09, Theorem 22] Blyth and Morse proved that the non-
abelian tensor square of the infinite dihedral is
[D∞, D
ϕ
∞
] ∼= C2 × C2 × C2 × C∞,
where D∞ = 〈a, b | a
2 = 1, ab = a−1〉 and ∆(D∞) ∼= C2 × C2 ×
C2. In particular, D∞ is finitely generated and the subgroup
∆(D∞) is finite. However, D∞ is not locally finite.
(R2) It is clear that the local finiteness of the derived subgroup G
′
alone does not imply the local finiteness of G.
Combining Theorem A and Proposition 3.1, one obtains
Corollary 3.3. Let G be a group with finitely generated abelianiza-
tion. Then the following assertions are equivalent.
(a) There exists only finitely many tensors in [G,Gϕ];
(b) The non-abelian tensor square [G,Gϕ] is finite;
(c) The group ν(G) is finite.
Proof. It is clear that (c) implies (a).
(a) ⇒ (b). By Theorem A, the non-abelian tensor square [G,Gϕ] is
finite.
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(b) ⇒ (c). Since ν(G) = ([G,Gϕ] · G) · Gϕ, it is sufficient to prove
that G is finite. Since the non-abelian tensor square [G,Gϕ] is finite, it
follows that the derived subgroup G′ ∼= [G,Gϕ]/µ(G) and the diagonal
subgroup ∆(G) 6 [G,Gϕ] are finite. Proposition 3.1 now shows that
the abelianization Gab is finite. The proof is complete. 
Note that Corollary 3.3 no longer holds if G is not assumed to be
finitely generated.
Remark 3.4. It is well know that the finiteness of the non-abelian
tensor square G⊗G, does not imply that G is a finite group (and so, the
group ν(G) cannot be finite). For instance, the Pru¨fer group Cp∞ is an
example of an infinite group such that T⊗(Cp∞) = {0} = [Cp∞ , (Cp∞)
ϕ]
and ν(Cp∞) = Cp∞ × Cp∞. Actually, this is the case for all torsion,
divisible abelian groups.
As usual, if pi is a nonempty set of primes, a pi-number is a positive
integer whose prime divisors belong to pi. An element of a group is
called a pi-element if its order is a pi-number. A periodic group G is
called a pi-group if every element g ∈ G is a pi-element. For a periodic
group G we denote by pi(G) the set of all prime divisors of the orders
of its elements. If a periodic group G has pi(G) = pi, then we say that
G is a pi-group. If pi = {p} for some prime p, it is customary to write
p-group rather then {p}-group.
Proof of Theorem C. Recall that G is a group with finitely generated
abelianization and the non-abelian tensor square [G,Gϕ] is a pi-group.
We need to show that G is also a pi-group.
Since G′ is isomorphic to [G,Gϕ]/µ(G), we deduce that G′ is a
pi-group. Now, we only need to show that Gab is a pi-group. By
Proposition 3.1, the abelianization Gab is finite. Suppose that Gab =
Cn1 × · · · × Cnr , where Cni denotes the cyclic group of order ni. Ac-
cording to [Roc91, Remark 5],
∆(Gab) ∼=
r∏
i=1
Cni ×
∏
j<k
Cnj,k ,
where nj,k = gcd(nj , nk). Consequently, pi(G
ab) = pi(∆(Gab)). Now,
the canonical projection G։ Gab induces an epimorphism q : ∆(G)։
∆(Gab). In particular, pi(∆(Gab)) ⊆ pi(∆(G)) ⊆ pi. The result follows.

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4. Applications
A celebrated result due to E. I. Zel’manov [Zel91a, Zel91b] refers to
the positive solution of the Restricted Burnside Problem: every resid-
ually finite group of bounded exponent is locally finite. The methods
used in the solution have shown very effective to treat other questions
in group theory (see for instance [BR16, BS15, Shu00, Shu05, Wil91,
WZ92]). Propositions 4.1 and 4.3 are in a certain way corollaries of
results found in the above references.
Proposition 4.1. Let G be a residually finite group with finitely gener-
ated abelianization. Suppose that the non-abelian tensor square [G,Gϕ]
has bounded exponent. Then G is locally finite.
Proof. It is clear that the derived subgroup G′ ∼= [G,Gϕ]/µ(G) is resid-
ually finite and has finite exponent. According to Zel’manov’s result
[Zel91a, Zel91b], the derived subgroup G′ is locally finite. By Schmidt’s
result [Rob96, 14.3.1], it is sufficient to prove that Gab is (locally) finite.
Note that the diagonal subgroup ∆(G) is an abelian group of bounded
exponent. In particular, ∆(G) is periodic. Proposition 3.1 now shows
that Gab is finite, as well. The proof is complete. 
The next result is an immediate consequence of [BR16, Theorem A].
Lemma 4.2. Let p be a prime and G a residually finite group satisfying
a non-trivial identity. Suppose that for every tensor α there exists a
p-power q = q(α) such that αq = 1. Then [G,Gϕ] is locally finite.
Proposition 4.3. Let p be a prime and G a residually finite group
satisfying a non-trivial identity. Suppose that the abelianization Gab is
finitely generated and for every tensor α there exists a p-power q = q(α)
such that αq = 1. Then G is locally finite.
Proof. By Lemma 4.2, the non-abelian tensor square [G,Gϕ] is locally
finite. Now, Theorem B shows that G is locally finite. 
Recall that a group is locally residually finite group if every finitely
generated subgroup is residually finite. Interesting classes of groups (for
instance, residually finite groups, linear groups, locally finite groups)
are locally residually finite.
Proposition 4.4. Let G be a locally residually finite group. Suppose
that the set of tensors T⊗(H) is finite in ν(H) for every proper finitely
generated subgroup H of G. Then ν(G) is locally finite.
Proof. It will be convenient first to prove the theorem under the ad-
ditional hypothesis that G is finitely generated. By definition, G is
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residually finite. It follows that G contains a proper subgroup H of
finite index. Consequently, H is also finitely generated [Rob96, 1.6.11].
Note that the set of tensors T⊗(H) is finite. Applying Theorem A and
[PN12, Theorem 3.1] to H , we obtain that H is finite. Hence G is
finite, too. In particular, [G,Gϕ] is finite (Brown and Loday, [BL87]).
Since ν(G) = ([G,Gϕ] ·G) ·Gϕ, it follows that ν(G) is (locally) finite.
Now we drop the assumption that G is finitely generated. Hence,
by the previous paragraph, every proper finitely generated subgroup of
G is finite. Consequently, G is locally finite. Thus, [Mor08, Corollary
5] implies that the group ν(G) is locally finite, as well. The proof is
complete. 
In the above theorem the locally residually finite hypothesis is essen-
tial. In fact, an important example in the context of periodic groups,
due to A. Olshanskii, shows that for every sufficiently large prime p
(p > 1075) there exists an infinite simple group G in which every proper
subgroup has order p (see [Ols83] for more details). In particular, for
every proper finitely generated subgroup H the set of tensors T⊗(H) is
finite and ν(G) is not locally finite. Moreover, in Proposition 4.4, it is
assumed that the set of tensors T⊗(H) is finite in ν(H) for all proper
finitely generated subgroup H . This condition seems very restrictive.
But, in a certain way this restriction cannot be weakened. In [Gol64],
Golod proved that for every prime p and a positive integer d > 2 there
exists an infinite d-generated residually finite group in which every sub-
group H generated by at most (d − 1) elements is a finite p-group. It
follows that the non-abelian tensor square [H,Hϕ] is finite. In partic-
ular, the set of tensors T⊗(H) is finite in ν(H) for every subgroup H
generated by at most (d−1) elements; however, ν(G) cannot be locally
finite.
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